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NEW TYPE INTEGRAL INEQUALITIES FOR CONVEX FUNCTIONS WITH
APPLICATIONS
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ABSTRACT. We have recently established some integral inequalities for convex functions via the
Hermite-Hadamard’s inequalities. In continuation here, we also establish some interesting new
integral inequalities for convex functions via the Hermite-Hadamard’s inequalities and Jensen’s
integral inequality. Useful applications involving special means are also included.
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1. INTRODUCTION
Let f: I CR — R is a convex function, a,b € I with a < b, if and only if,

(1.1) ¥ <‘“2Lb> < %a/:f(x)dx < f(u);“f(b)7

is well known in the literature as the Hermite-Hadamard inequality for convex function. A vast
literature related to (1.1) have been produced by a large number of mathematicians [7] since it
is considered to be one of the most famous inequality for convex functions due to its usefulness
and many applications in various branches of Pure and Applied Mathematics, such as Numerical
Analysis [5], Information Theory [3], Operator Theory [6] and others.

Very recently, authors [9] established some new type integral inequalities for convex function
via the Hermite-Hadamard inequality. This paper is a continuation of some line of authors results
in [9]. Motivated by above work here, we proved some interesting new type integral inequalities
for differentiable convex functions by using the Hermite—Hadamard inequality and Jensen integral
inequality. As applications, we obtain some new inequality involving special means of real numbers.

In the proof of the main results we will need the following two lemmas.

Lemma 1. [2]Let f: I CR — R be a differentiable mapping on I°, and a,b € I with a < b, then
we have

b 2 1
(1.2) M - bia/ f(z)dz = @/g t(1 — ) f" (ta + (1 — t)b)dt.

Lemma 2. [8](Jensen inequality) Let ju be a probability measure and let ¢ > 0 be a convex function.
Then, for all f be a integrable function we have

(1.3) /Lpofdlz >0 (/ fdr/) .
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2. MAIN RESULTS
Now we are ready to present our main results asserted by Theorems 1 to 7.

Theorem 1. Let f : [ C R — R be a differentiable mapping on I° with 0 < a < b. If |f'| is
convex and increasing on [a,b], then the following inequality

/f () af(u) < lallf (@) + IS O)]

2
Proof. Using integration by parts, which is verified under the conditions given in the theorem, we

have
( / 17" t>|dt>

(2.2) _a/f 20 = aita)

On the other hand, using the fact that the functions |f/(¢)| is convex and increasing on [a, b] and the
[t| is convex and increasing on [a, b], a,b > 0, thus the function [¢||f'(¢)| is also convex on [a,b], as
product of positive convex and increasing functions. Now, by the right hand side inequality (1.1)
we deduce that inequality (2.2) is valid. |

b—a

(2.1)

Theorem 2. Let p > 1,¢q > 1 and f : I € R — R be a differentiable mapping on I1° with
0<a<b If|f'|7 is convex and increasing, then the following inequality
(2.3)

I _ bf(b) — af(a)

< (SO + 1 @D (Bl + [al?) T (bPLF B)I* + |al?|f (@) )'”'A

b—a J, f(@)da b—a 22-1/p

Proof. Applying the p > 1 on the inequality (2.2), we have

bf(b) — afe) " ) < ( /\tHf |dt>

b_
Now, we set ¢(t) = [t|P, f(t) =t and du(t) = [lifl,f(f()t‘;llih. So, by means of Lemma 2, we get

/ -1 b
s [ sow- M < () (5L [ vrne)

By the power—mean inequality, we have

1 b 1 b 1-3 b i
(2:6) = It”f’(t)ldtim</ |t|"dt> ( tl”lf’(t)l"dt>

Since the functions |f/(¢)|? is convex on [a,b] and the |¢|? is convex on [a,b], for each p > 1, thus
the function [¢[P|f/(¢)| is also convex on [a, b], as product of positive convex functions. By again
of the right hand side inequality (1.1), we have

1 b
(2.4) — | s~

(2.5)

[oIPLf"(B)I + [al?| f*(a)]®
2

1 b
. — P (t)|2dt <
(27) = | e <
and

1 b [b|P + |al?
2.8 e tPdt < ————.
(28) = | rae < B
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According to (2.6), (2.7) and (2.8), we have

([blP + lal?) =7 . (b7 /()| + |al?|f"(@)|7) 7
2

1 b
2.9 — [ [tPIf()]dt <
(29) = | el <
Again, from the right hand side of inequality (1.1), we have

(2.10) L Lo < 1O +1r Gl

In view of (2.5), (2.10) and (2.9) we obtain the desired result. ]

Theorem 3. Let p > 1,¢q > 1 and f : I € R — R be a differentiable mapping on I1° with
0<a<b If|f'|9 is convex and increasing on [a,b], then the following inequality
(2. 11)

<ol + @7 (ot ey (Ib\”\f( )+ \a\”lf’(a)\“)#'

—a 2+ )T

/f - bf(b)—af()

Proof. The proof is parallel to that of Theorem 2 by replacing equation (2.8) by
b11+1 p+1
/ [t|Pdt = S

We omit the further details. |

Remark 1. Suppose that all the assumptions of Theorem 3 are satisfied with |f'| < M, and

0<a<b weget
/f ()—af()

b—a

14+
" P Pl (bp+1 _ ap+1)

(2.12) 21/p(b — a)

where p > 1,q > 1.

Here, by using the classical definitions of Beta function and gamma function, we establish certain
interesting and new inequalities are given by the next Theorems. For our purpose, We recall the
Beta function and gamma function defined by (see [10])

o1 OO
B(z,y) = / t*=Y(1 — )Y~ 1dt, 2,y > 0, and D(z) = / t*“le~tdt, x> 0.
Jo Jo
The Beta function satisfied the following properties:
_ L@)I'(y)
B(z,z) = 2'"2*B(1/2,2), and B(z,y) = ——2,
(&) (1/2.2), and Bla.y) = p s

In particular, we have
pla/2rp+1) _ o1-2(p+1) Val(p+1)
T(p+3/2) T(p+3/2)"

Theorem 4. Let f: 1 CR — R and suppose that f has 3 derivatives f', f" and f" on I° with
a < b. If [f"|? is convex on [a,b] and |f"'|9 is convex and increasing on [a,b], then the following

Blp+1,p+1) =220 B(1/2,p 4 1) = 21720F
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inequality
(2.13)

) af@) bf'() +af'(@)| _ b—a? (1T [ [12f"(@)? + 24" (B)|7] 7
oz ()7 oo,

Jaf" (@)1 + bf" (b)) ¥
 [lofell e O] }

Proof. From Lemma 1, we get
(2.14)

_a/ of (2)da = “f'(“);bf'(b)_(b’zay [2/01t(1—t)f(2)(ta+(1—t)b)dt+/01t(1—t)F(ta+(1—t)b)dt},

where F(t) = tf®)(t). From the Holder inequality, we obtain
(2.15)

' t1L—)FD(ta+ 1 —O)b)|dt= [ [t(1— &) 5[t — £)]7|F" (ta+ (1 — t)b)|dt
| A |
< UO t(l—t)dt]T [/Ultu_t)|f”(m+(1—t)b)\(1dtr
< M (l—t)dt] K [|f"(a)\q/0' £ 1—t)dt+|f”(b)|‘1/01t(1—t)2dtr

SONIECECE

Since the function |f”’(¢)|9 is convex then the function |tf"'(t)|? is convex as a product of two
positive convex and increasing functions. So, for every t € [0, 1] we have

(2.16) [F(ta+ (1= 1)b)|? < t|F(a)|? + (1 = )| F(b)|7 = tlaf" (a)|? + (1 — t)[bf" (D).
Hence, from (2.16) and the Holder inequality we have
(2.17)

/'1 #(1— )| F(ta + (1 — t)b)|dt = / [#(1— &) [t(L — 6)] ¥ | F(ta + (1 — b)) dt
JO 0

< [/01 {1 — t)dt} & [/Olt(l —#)|F(ta+ (1 - t)b)|"dtr

< [/Ult(l —t)dt} - {\F(a)\" /Ult2(1 — t)dt + |F(b)|? /01 H1 _t)zdtr

(T [l @) + b b)) F
“\6 12 ’

So, the proof of Theorem 4 is completes. | |

Another similar result is embodied in the following theorem.

Theorem 5. Let f: 1 CR — R and suppose that f has 3 derivatives f', f" and f" on I° with
a < b. If |[f"|7 is convex on [a,b] and |f"'|9 is convex and increasing on [a,b], then the following
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inequality

(2. 18)

1
q

G

a

1
{(q +1)(g+2)(g+3)

0 —af(0)_ 410+ of'0)
e [ s O :

] ’ { [2I2f”(a)l" gt

x 2@+ 2af’”(a)l“r(<1+1)bf”’(b)l"] }

holds for all ¢ > 1.
Proof. Using the power-mean inequality, we have
(2.19)

/A1 H(1— )" (ta + (1 — t)b)|dt
JO

IN

— —
S—

o~

I

=

q

- @1_( [m“‘ O G O
(

! o ! a " q " q
-(3) " |ervaa {21‘ @11+ (4 Dl M

In the same way, we get
(2.20)

1-1 a

1 1 @ 1 % " q 1 q
/0 t(l—t>|F(ta+(1—t>b)|dts(5) [m} [2Iaf (@)[7+ g+ D)o <b>}

Combining (2.14), (2.19) and (2.20) we deduce that the inequality (2.18) holds. ]
Theorem 6. Let f: 1 CR — R and suppose that f has 3 derivatives f', f" and f" on I° with

a < b. If |f"|7 is convex on [a,b] and |f"'|7 is convex and increasing on [a,b], then the following
inequality

(2.21

/ @ b)—af(a) _ bf'(b) +af'(a)
2

b—a —a

. (b—a)2< VAT (p+ 1) ) { {IZf”(a)l”H?f”(b)lq i

2 21+2pT(p + %) 2

[l s ' }

2

w L 1_
wherep+q—1‘
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Proof. Again from the Holder inequality, we have

(2.22)
/01 H1 =8I (ta+ (1 - b)ldt < [/01 (1 - t)”dt} : [/01 | (ta+ (1 - t)b)\thJ
< [./Olﬁ’(l—t)”dtr {\f”(a)\q./ol tdt+\f”(b)|‘1/01(1_t)dt]%

(yEme) ) [+ If”(b)\“r'

21207 (p+ 2) 2

a

In the same way we obtain

(2.23)

/01 #(1— )| F(ta+ (1 — t)b)|dt < Uol (1 - t)"dtr [/01 \F(ta+(1- t)b)|’1dtr

< [/01 t”(l—t)"dtr [IF(a)I“ ./0'1 tdt + |F(b)[* ./0'1(1 —t)dtr
- (ot 1>)>% [BECIESCAONY

214207 (p + 3 2

In view of (2.25) and (2.23) we deduce that the inequality (2.24) holds true. |

Theorem 7. Let f: 1 CR — R and suppose that f has 3 derivatives f', f" and f" on I° with
a <b. If | "9 is convex and |f"'|9 is convex and increasing on [a,b], then the following inequality
(2.24)
Lo bf(b) —af(a) bf'(b) +af(a)
, l/ PR —_
‘b~a/af(i>(i b—a 2

<

(b—a)? (L>% { [|2f”(a)|”+(q+1)\2f”(b)|‘1 1
2 \ptl (a+1)(g+2)

jaf” (@7 + (a+ DIbF" )]
*[ @+ D@+ ]}

b L L
where »ta= 1.
Proof. By using the Holder inequality

(2.25)

/lt(l — ) (ta+ (1 — )b)|dt < [/01 tf’dtr Ulu —t)q\f”(ta+(1—t)b)|’1dtr

0 0
) [/01 t”dtr {‘fﬁ(a)lq/o‘lt(l —t)dt+ | O)I _/;(1 _pyrtiar '
LY (@l e DIl
<P+1> [ G+ D(g+2) :| .
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On the other hand, we get
(2.26)

1
a

-1

'/: t(1— )| F(ta+ (1 — t)b)|dt < M

< [/Ulﬂ’dtr pF(a)lq/"lt(l_t)qu‘F(b)‘q/ol(l—t)q“dtr

- () Pz

which completes the proof. ]

ﬂ’dt} ' {/:(1 — U F(ta+ (1 — t)b)l‘ldt]

)

3. APPLICATIONS

In this section, we shall use the results of Section 2 to prove by simple computation the following
new inequalities connecting the above means for arbitrary real numbers.

1. The arithmetic mean:
a+b

2

A= Ala,b) = ; a,beR.

2. The generalized logarithmic mean:

prtl o gnl 1w
Proposition 1. Let a,b € R, a < b and n € N such that n > 1. Then the following inequality
(3.27) Li(a,b) < Alla|", b]")

Ln(u,b)={ ineN, n>1, abeR.

Proof. The proof is immediate from Theorem 1 where f(z) =2", n > 1. |

Remark 2. We not that the inequality (3.27) is not new, was proved by Agarwal and Dragomir in
1.

Proposition 2. Let a,b € R, a < b and n € N such that n > 3. Then the following inequality
(3.28)

—q p—1 a— ,+,
‘L:Z((z, b)‘ < 2’(1,11)_'1 [A (‘a‘n—l’ Jbln_l)} 7 [A (‘(l‘"’, ‘b‘n)]Tpl [A (‘a‘71.([)+(1)—117 |b"n,([)+q)—q):| 7
holds for allp > 1 and ¢ > 1.

Proof. The proof is immediate from Theorem 2 with f(z) = 2", 2 € R, n > 3. |

Proposition 3. Let a,b € R, a < b and n € N such that n > 3. Then the following inequalities

P _ . 2
(3.29) |Li(a,) + Aa”,5")] < min { K" (a,6), K§" (a,0)} nn - Db - a 131(’) 9
and
I _ —q)2
(3.30) |L"(a, b)| < min {K{"’q)(a, b), K9 (a, b)} W ab> 0,
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holds true for all ¢ > 1, where
1
(n,q) _ l (n—2)q (n—2)q\ |7
K{"(a,8) = 3 [A (Jal "2, b =27 )]

(q+1)(q i 2)(g + 3)] % [A (z‘a‘(n_z)q’ (a-+ 1)“"("_2”)] '

Proof. From Theorem 4 and Theorem 5 for f(z) = 2", we obtain (3.29). Finally, combining (3.29)
and (3.27) we deduce that the inequality (3.30) holds true. |

K = |

Remark 3. We note that if ¢ = 1, we have Kf"’l)(m b) = K;n’l)(a,b), for all a,b € R and n > 3.
Consequently, we obtain that

n(n — —a)?
(3.31) L7 (a,b)] < %A (lal-2, ).

Proposition 4. Let a,b € R, a < b and n € N such that n > 3. Then the following inequality

. : ~1)(b—a)?
(332 [Lhab) + AW b)) < min {KEPD (a,0), K0 (a, )} DO
and
,— 1)(b — a)?
(333) L300 <min { K00, 0), K0 ()} W DOZ g

holds true for all p,q > 1, such that 1—17 + % =1, where

1
» al(p+1) \7? o _ i
K (0,t) = (G 4 (a2, o)

21291 (p + 3)

K9 = (o5 f[r—ﬁ——JWAWW*M@+mwmmﬂi

p+1 g+ 1)(g+2)
Proof. The inequality (3.32) follows from Theorem 6 and Theorem 7 for f(z) = 2™. Finally, the
inequality (3.33) is immediate by (3.27) and (3.32). ]
REFERENCES

[1] R. P. Agarwal and S. S. Dragomir, An application of Hayashi’s inequality for differentiable functions, Com-
puters Math. Applic. 32 (6), 95-99 (1996).

[2] M. Alomari, M. Darus, S. S. Dragomir, New inequalities of Hermite-Hadamard type for functions whose second
derivates absolute values are quasi-convex, RGMIA Res. Rep. Coll. 12 (2009) Supplement, Article 14, online:
http://www.staff.vu.edu.au/RGMIA /v12(E).asp.

[3] N. S. Barnett, P. Cerone and S. S. Dragomir, Some new inequalities for Hermite-Hadamard divergence in
information theory, Stochastic analysis and applications. Vol. 3, 719, Nova Sci. Publ., Hauppauge, NY, 2003.

[4] B. C. Carlson, Some inequalities for hypergeometric functions, Proc. Amer. Math. Soc., 17(1966), 32-39.

[5] P. Cerone and S. S. Dragomir, Mathematical Inequalities. A Perspective, CRC Press, Boca Raton, FL, 2011.
x+391 pp. ISBN: 978-1-4398-4896-8

[6] S. S. Dragomir, Operator Inequalities of Ostrowski and Trapezoidal Typ,. Springer Briefs in Mathematics.
Springer, New York, 2012. x+112 pp. ISBN: 978-1-4614-1778-1

[7] S. S. Dragomir and C. E. M. Pearce, Selected topics on HermiteHadamard type inequalities and applications,
RGMIA Monographs: Victoria University, 2000.

[8] J. L. W. V. Jensen, Sur les fonctions convexes et les inégalités entre les valeurs moyennes, Acta Math. 30 (1906),
175-193.

[9] K. Mehrez, P. Agarwal, New type integral inequalities for convex functions with applications, arXiv 2017.

[10] I. N. Sneddon, The Use of Integral Transforms, Tata McGraw-Hill, New Delhi, 1979.



New type integral inequalities for convex functions with applications 337

KHALED MEHREZ. FACULTE DE SCIENCES DE TUNIS, UNIVERSITE TUNIS-EL MANAR, TUNISIA.
E-mail address: k.mehrez@yahoo.fr

PRAVEEN AGARWAL. DEPARTMENT OF MATHEMATICS, ANAND INTERNATIONAL COLLEGE OF ENGINEERING,JAIPUR,RAJASTHAN,
INDIA.

INTERNATIONAL CENTRE FOR BASIC AND APPLIED SCIENCE, INDIA.
E-mail address: goyal.praveen@gmail.com



